Introduction
In this paper we present a simple formula that can often be used to assist in the approximation of the sum of an alternating series The ideas presented here were motivated by translating Euler's papers [1] and [2] .
Suppose we begin by summing a terms of this series exactly, then the approximation that we will obtain is given by to account for the infinite number of terms that have been neglected. It is remarkable that that (3) contains no integrals or derivatives. It is an algebraic linear sum of the three consecutive terms starting at . 1 n a = + This paper is not rigorous. We present a simple informal derivation of (3) in the next section, but no estimate of the error is attempted. Rather our purpose is to show some remarkable examples of the use of (3) with a series closely related to the zeta function. The most surprising examples occur when the series diverges.
Informal derivation of the summation formula
Beginning with the Euler-Maclaurin summation formula (see [3] ), ( )
Here b a and the numbers hN = + k B are the well known Bernoulli numbers. The first term in the summation is
f b f a h − , and since 2 1 6 B = this term becomes 
We now employ an idea used by Euler in [2] . To obtain the alternating signs, in place of h let us write 2h to get the summation: 
∑
Notice that this result is particularly simple since the integral has disappeared.
Examples of summing alternating series
We will now give examples of approximating the sum of alternating series
. In all cases we will begin by finding the exact sum of the first a terms
, then add an approximation of the remaining terms from (3) which we
Throughout the paper, numerical and graphical results were obtained using Mathematica. We know that this series sums to log 2 0.69314718055994530942 = , so the last result in the above table is accurate to 14 decimal places. While 100,000 terms of the exact series yields 5 correct decimal places, the addition of the correction term adds an additional 9 decimal places! (100, 001) A
The remaining examples are concerned with the zeta function which is usually defined by the series The exact value of (2) η is 0.82246703342411321824 to 20 decimal places. We see that the exact finite sum gives us 8 correct decimal places, while the addition of the correction term (3) adds an additional 8 correct decimal places. The value of π correct to 20 digits is 3.1415926535897932385. We see that the addition of our three term correction more than doubles the number of correct digits.
Examples of divergent alternating series
The series ( 1) ( 1) ( 1 n n a z z n n A a n n
where from (3) we have
A a a a a
Example 4 We estimate ( 1/ 2) η − using the divergent series The exact value is
to 20 decimal places. As in the previous example, the exact finite sum gives no indication of the correct numerical value, yet 5 correct decimal places were obtained by the addition of the correction term (4).
Example 6 We estimate ( 3/ 2) η − using the divergent series Apparently we are near the limits of this method.
Example 7.
In this final example we consider using the divergent series to estimate the value of 
